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S.1. Proofs of Lemmas. Proof of Lemma 1. A
We use induction to prove the results. At the last stage 7', note that the [;-PLS estimator 07
satisfies the following first order condition:

—2E,[(Yr — ®107)¢r;] + Arwrjsgn(fr;) =0 for j=1,..., Jr,
where sgn(z) = 1ifx > 0, sgn(xz) = —1if x < 0 and sgn(x) € [-1,1] if x = 0 for any = € R.
This implies
Jr
—2B,[(Yr — ®107)®707) + A Y wrjsgn(fr;)0r; =0
j=1
forany 87 € R/7. In particular, —2E,[(Yr — ®107)®1.07]+ Ar 3272 wr;|0r;| = 0. There-
fore, for any O € R/7, we have

JT JT
0= QEn[(YT - (I);éT)(I);(éT - HT)] + >\T ZwTjsgn(GTj)QTj - /\T ZwTj‘(gTﬂ
Jj=1 j=1

JT JT
(S.1) < 2B, [(Yr — ®107) @1 (07 — 01)] + Ar > wrjlor;| — Ar > w0y
=1 j=1

Fix n. Following (S.1), on the event Q7 2(67), we have

Jr
érj _ A T A 2
0<2 En[Y —ole —J”( \op: — 6 -)—2En<1> oy — 0
< je{q}?},{h} (Yr T T)wTj ]Z:;wTﬂ Tj 7] (@7 (01 )]
A Y wrjllr; —brl =AY oyl
jelr(6r) JEIS(01)
4(y+1 A 2(1 =2y _ A
B T I N
jelr(0r) jels(0r)
(S.2)
T/h 2
9, [®T(07 — 07))2.
This implies
_ s 2(v+1) Cd
(S.3) Z U)Tj’eTj|§ﬁ<' Z wTj|9Tj_9Tj|)
JEIE(07) Jj€Ir(61)
T/h 2_2(y+1) =10
(S.4) and B, [®1.(07 — 07)] ST)\T< > wTjWTj—9TjI)-

J€Ir(07)
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Thus, under condition (3.9) on the event 271 (07), we have

- En[q%(éT - OT)]2

GTiPTR ‘ T/ A 2
< F—-E, Or; — 0 — E|®+(07 — 0
_j,ker{ri?-}ih} ( )(wTijk) (ZwTj| Ti TJ|) [©7(0r = 67)]
s _ N 2 T _ A 2
< Z wrjlOr; — O0rjl) — —a Z wr;|0r; — O7;]
16]17(07)| (jeIT(eT) > [ I7(67)] <j€IT(9T) )
157 A 2
S5) =—— T wrilbpi — 7).
LAy

Plugging (S.5) into (S.2) yields

0§4(7;r 1)/\T( > U_)Tj’éTj—9Tj\> —2(1;27))@( 2. wTj‘éTjD

JEIT(07) JjeI(07)

15TT ( Z _ ~ 2
STy wr;|07; — 9le) -
8|17 (07)| jeten)

Rearranging the terms, we obtain

32(’)/ + 1)|IT(0T)|)\T
457r '

(S.6) > wrylfr; — 0ry] <
J€Ir(07)

Plugging (S.6) into (S.3) and (S.4) yields

32(y+ 1) 1|10(00) A [16(2y + 5)7 [I+(6) A
<[15( )} TT; T<[3(1—27)} TT; .

64(y + 1)2} Ir(0r)1 V3 _ [16(2V+5)2] 7 (0r) X7
135 ™o T 27 ™o

on the event Q71 (67) N Q72(07). Thus,

and E,[®L.(67 — 7)) < [

R ( 2 R
E[®7(6r — 07)]* < W ZU)TJWTJ Orjl ) +En[®7(67 — 07)]?

< {64(274—5) } |IT(0T)|)\2T
- 81 T .

Hence, (C.8) and (C.9) hold for ¢ =T" on the event Q7 1 (07) N Q7 2(67).
Now we prove the results for ¢ < 7T'. Assume we have

(27 + 5) ’IS’(BS/)‘)‘E’
(S.7) Zwsﬂw‘” Osi] < 3(1—29)As s'er{r;?.}-(,T} Cors Tl ’

2 2
CICIRE S R MG LA |
81 s'efs,..., T} ' Ts

2] 1 2 2 IS' 03’ 2/
89)  andE,[@T(d, — 0,2 < S FO s {Cs ()M}
27 S E{S T} ’ ’TS/

(S.8) E[®](8, -0, <
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where ¢5 s =1,¢5.5 =2(27+5)(55 + 3)(T — 8)?cs41,9 /9 for s’ =s+1,..., T and s =t +
1,...,T, onthe event ﬂz:tJrl{Qs,l(os, ceey OT)OQ&Q(OS, . ,HT)QQS+173(95+1, ey BT)}
Using similar arguments as above, 6, satisfies the first order condition:
—2En[(ﬁ(ét+1, . ,éT) — (D;rét)(ﬁtj] + )\twtjsgn(étj) =0 fOI'j = 1, ey Jt.

Thus
~ Jf ~
_2En[(n(0t+17 R OT) — <I>tT0t)¢>tT0t] + At Zwtjsgn(ﬁtj)Htj =0
j=1
for any @; € R’ In particular, —2En[(1~/}(ét+1, e, éT) <I>T0t)<I>T0t] + M\ Z L Wi |0tj| =
0. Hence, for any ; € R”* on the event Q2(6y,...,07), we have

(S.10)
~ Jt Jt ~
0 < 2En[(YVi(Ory1,. .., 0r) — ©[0)DT (B, — 01)] + X\ > wijlby| — MY w104
j=1 j=1
~ ~ Jt Jt A~
= 2B, [(Ve(Brs1,... 07) — ] 0)RT (B — )] + A D wejlbys| — A Y wijlby]
j=1 j=1

+ 2B, [(Vi(Opst,. ... 00) = Yi(Os1,...,00))D] (6, — 6,)] — 2E,.[®] (6, — 6,)]?

. 4(7; 1))\t( | S wyld —atj\> _ 2(1;27)At( | 3 wtj|0}j|)
JEI(0:) JEIF(0:)

(S.11)

—E,[0] (0; — 0,)]2 +E, [(Vi(Brs1,...,0r) — Vi(Osp1s ..., 07))] 2.

Below, we derive an upper bound for the last term in (S.11). Note that

E, [Yi(0ii1,...,00) — Yi(Opi1, .. ~70T)]2

T 2
~E, { > [ max®] (Hy,a0)0, — max O] (H,,a,)8, — T (H,, A,)(0, - GS)H

s=t+1
(S.12)
T - N 2
<2T-1) Y {En[n}lax@ST(Hs,as)(Os —es)ﬂ +E, [@}(HS,AS)(OS —95)] }
s=t+1 °

We can further show that

E, [nﬁx ‘(D;F(H57as)(és - 05)}2}

< (B~ B) | S, |90 (Hy. ) (02— 0] + E| X, |27 (Hi,0)(8, — 0,)]°]

< max ‘(E =) ( Z Dos(Hs, G5) Pt (Hs, as) ))(i—:wsy‘gsy 0s; )2

jke{l,....J. Wi W
JkE(L, ) et 57 Dsk

+ E[ Z ps(a8|H5)S[q)sT(H8,as)(éS - 05)}2]
a,€A,



(1= 29)%| A ( 16(2y +5) { |1 (85) |22 })2
< max Co g ————
Mdmaxger,s  m{[Ls (0s)]/7s } \3(1 = 29)As sefs,.. 7} | Tsr
+ SE[®](H,, A)(6, - 6,)]°
1 2 ! ! 2/
< 6(2y +5)°|As| [ max {Cs y 15 (05)| A5 }]
81 s'€{s,...,T} ’ T’
2 r 2
i 64(2v+5)°S A {Cs ; |Is (05 )| A% }]
81 | s’e{s,.... T} ’ Ts
(S8.13)
2 2 7
< 80(2y +5)°S |: max {Cs P [Is(0s)| N/ }
81 s'€q{s,...,T} ’ Ts! i

where the second inequality follows from the assumption that pg(as|hs) > S~—! for all
(hs,as) pairs, the third inequality follows from the definition of 2, 3(6s,...,07) and (S.7),
the fourth inequality follows from (S.8) and condition (C.4), and the last inequality fol-
lows from the fact that |Ag| < S. Plugging (S.9) and (S.13) into (S.12) and noticing that
Cs,s < Cpy1, forany s >t + 1 and s’ > s, we have

- . - I5(05)|A\?
(S.14) B [Yi(Bes1,....00) — Vi(Bryn,... . 07)]° < Cr  max {CHLSH)‘},
se{t+1,...,T} Ts

where C; = 32(2v+5)2(55 + 3)(T —t)?/81. This, together with (S.11), implies that, on the
event (L, {218, 07) 01 Qua(6,- -, 07) N Qs (Bss.. . O7) | N Q12 (Br, ., O1),

Ay +1 o 2(1 -2 o
0= (,YB))\t Z Wej101j — 15| — (;),fY))\t Z Wi |0t
JEI(6:) eI (8,)
(S.15)
) I15(6,)|22
—En[®] (6 — 6,))° + C SM‘
[ t ( t t)] + tsE{l}E?f?,T} {Ct+17 )
Thus
> wllyl
JEI£(6:)
2(7—’_ 1) _ A 3Ct |Is(03)|>\2
< —F Z W0t — O4j] ) + ==~  max {Ct—f—l,s 2
=% JEIL(0:) > 2(1 = 279) A\ se{t+1,..,T} ;
and
(S.16)
R 4(y+1) o (02
E,[®] (6, — 6,)]* < T)\t( Z Wej|Or — 9tj|> +C; SG{tI—Ii-li?iT} {Ct+17ss .

J€I(0:)

If 1;(6,) is empty (i.e., 8; = 0), then it is easy to verify that (C.8) and (C.9) hold. If I;(8;) is
non-empty, define the sets

@t,l(gt) = {ét S RJt : Z 'lI)t]|ét]|

JEIF(6y)
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2(y+1) nyy 30t PACHIES:
<N 7T 10,. — 0, Tt 178 \7s8/17%s
S ( Z W50y 9t]|) + 2(1— 29)\; se{t—i—l e {Ct-i—l,s . )

jEIt(et)

@t,Q(gt) = {ét eR’: Z ’lf}tj’étj — Htj|
J€EI(0:)

2
s e SOOI Oy [, HOIEILL

97y 2X¢ se{t+1,..,T} Ts

On the event ﬂsT:t{stl(Bs, e 07) N Qs 2(Os, ..., 07) N Qoy13(0541, ..., BT)}, we have

0, c ©¢,1(6¢). Thus, 0, € ©¢,1(0;) on the event §; 2(0;, . .., O7). Note that condition (3.9) by
Assumption (A2) implies that

- (Y ser,(0,) Wt |0t — 045>
S.17 E[®T (0, —0,)]% > J€L(6,)
( ) [ t( t t)] el ’It(et)|

for any 6, and ét. In addition,

sup {4(7;1)&( > wtj|§tj—9tj’>_2(1;27))‘t< > '(Dtj|0~tj|>

éteet,l(et)met,z(ot)

JEL(6:) ier 0]
) 1:(0, )\g
N E”[(I);r(gt - 91:)]2 + Ct Se{grl?x - {Ct+1’s’(7_)|}}
4(y+1 _ s 2(1-2 -
- 8:€0,,(00n01x(6) JEL(8:) e (0,)

+ max

Gke{Ldi} (B—En (iﬁjiﬁ)‘(zw“’% 0”)

9 I5(05)|\2
—E[®] (6, - 0)]*+ C;  max {CHLSI()\}}

se{t+1,...,T} Ts

4(y+1 s
< sup {(73))%( Z Wej |0 — 9tj\>
0,€0,,1(0,)NO¢ 2(6:) JEL(6:)

(1—29)°
+ X
144 maXse{t,,,,7T}{’Is(05>‘/TS}

3 e Cy 1,(05) 122\ 17
|:1 — 2y ( Z wtjwt] QtJ’ o 2t sE{t+1,X T} {CH_LS Ts

J€I:(6:)
~ I,(05)|\?
— E[®](6; —0,)? 5‘73
(@, (0, — 6] +Ctse{tlﬁi}f,T}{ct+l’ y
4(7 + 1) _ ~ Tt _ ~ 2
< sw { A 31615 — Oy ) + T
6,€0, (6,10, »(6,) 3 <j€lzt(:9t) 319t = Yt > 4|1,(6y)| ( Z A )

JEL(6:)

_‘It(T;t)’( Z wtj|§tj_0tj|)2+2)\t( Z wtjétj—etﬂ)}

JEL(6:) JEI(6:)
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<0,

where the second inequality follows from the definition of €2 1(6;,...,07) and ©; ;(6;), the
third inequality follows from the definition of ©;2(6;) and (S.17), and the last inequality
follows from the definition of O 2(8;).

Since 6; satisfies inequality (S.15), we have ; € ©;1(8;) N ©;2(0;)C on the event
m;F:t{Qs,l(es,...,eT) N Qua(Bs,...,07) N Qsﬂ,g(esﬂ,...,aﬂ}. This, together with
(S.16) and (C.4), implies that

i A
> ;105 — 0]
j=1
2
< o [ 162 D) R(@)N 3G, . {Cm JLACHIS }}
YA s€{t+1,..,T} '

3(1-2y)m T (1-2y Ts

2
EREUCORS Y O ACA L
3(1 — 2"}/))\t se{t,...,T} ’ Ts

E.[®](6; — 6,))?

, max
27Ty 3 se{t+1,...,T}

2 2
UL, R LA
se{t } ’

Ts

27 Ts
and
E[®] (6, — 6,)]?

(1—27)? < s ,
b, — 6 ) E,[®] (0, — 0
= Mdmaxgeg  y{|1:(05)]/7s} Z:wtj’ tj — O ) +En[®; (0 — 6;)]
4(2 2 I 2
PGl k) S, {th}
81 se{t,...,T} ’ Ts
This completes the proof. 0

Proof of Lemma 2.

Similarly as in the proof of Lemma 1, we prove the results using induction. Consider
fixed n and fixed 67 € Or. Since E[®L,(Hr, Ar)|Hr] = 0 as., we have E(®7®),) =
0.7, x Jrs- On the event Q7 1(67), we have

En[®](07 — 07)® (072 — O12)]
= (E —E,)[®1(0r — 07) @15 (012 — O72)] — E[ ] (872 — 072)]?

<t 2 (S22 (S =) (3 o o)

— E[®]5(072 — 072))?
(1-27)(2y+5) <

< 5 )\T< > wrglbr; - 9le) — E[®]2(0r2 — 0r2))%,
Jj=Jri+1
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where the last inequality follows from the definition of {27 1(67) and (C.8). Note that (S.1)
holds for any 67 € R”7. In particular, with (é}l, 0}2)T, on the event Q7 1 (07) N Q7 2(07),
we have

Jr Jr

0 < 2B, [(Yr — ®LO7) 1o (012 — Ora)] + Ar > wrylrl = Ar > wrylfry]
j=Jdri+1 j=Jri+1
Jr Jr Jr
dv+1 A A
< 73 /\T( Y worlfr - 9le> +Ar Y wrilbrl = Ar Y wrldr|
j=Jri+1 j=Jri+1 j=Jri+1
Jr
2(1 = 2y)(2y +5) 8 5
o7 /\T( ' Z wTijj - 0Tj’> - QE[(I’}Q(GTQ - 0T2)]2
Jj=Jr1+1
427 +3)4—) 14
< 5 )\T<A > wTj|9Tj—9Tj|)
j€IT2(07)
(S.18)
4(1-27)(2-1) o -
_ o7 )\T< | Z wTj‘HTjD — 2E[(I)}:2(9T2 — 0T2)]2.
JEL5,(07)
This implies
_ A (2v+3)(4—7) o
(5.19) Z wTJwT]‘ = (1 — 2,}/)(2 — ’Y) < Z wTJmTJ HT]‘)

JEL5,(07) JE€I7r2(07)

X 2(2y+3)(4 — o
(520)  and E[®Ly(Brs — 0ps)? < 2273 7)AT( S arllry feTj|).
21 j€1r2(01)
Jeir2\Ur

Note that Assumption (A2) implies that

70(X jerra(0r) ©T31075 — O751)?

S.21 E[®L. (079 — 079)]% >
( ) [ T2( T2 TQ)] = ’ITQ(HT”
Plugging (S.21) into (S.18) yields
4(2y+3)(4 — o
0< 2 2;( V)AT< S wryliny —0Tj\)

Jj€Ir2(67)

4(1—27)(2 — R 277(3 je 1y (00) D15 1005 — O151)
A = 29)( ’Y)AT 3 wTijjD_ jelra(0r) WT519T5 = 0T

27 jEls,(0r) [ r2(0r)|
< ( > wmylr; - 9le> x
j€IT2(07)
4(2v+3)(4 =) 27 . .
{ 27 AT~ |I72(07)| ( Z wr;|0r 9TJ|)]

j€Ir2(07)
Thus

_ 4 2(2y +3)(4 =) Ir2(07) AT
> wrjlor; —0ry] < e :
JE€Ir2(07) r
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This, together with (S.19) and (S.20), implies that

fj wr b < o212 38 =) [ On)A

27(1=27)(2 — ) r

227 +3)4—1) } 2|Ir2(07)| N7
27 T '
Algebra suffices to show (C.10) and (C.11) for ¢ =T'. This also implies that

En[®](072 — 072)]?

Jj=Jr+1

and E[®F,(0r> — 0r2))” < |

J

¢tj¢tk - — A 2 T /A 2
< n—F) ——— N0y — O E[®,5(0,n — 6
_j,ke?l?}.ijt} (E ><1Dtjwtk)‘(j§+lwt]| t tj') + E[245(0r2 t2)]
< (1—29)%mr [28(274‘3)(4—’7)} | I72(07)| AT 2+ [2(2’74‘3)(4—7) 2|Ip2(07)| A%,
= 144|I7(07)] \ L27(1 — 279)(2 — v) T 27 r
S2[2<2v+3)(4—v>r!In(eT)M%

27 r

Now we prove the results for ¢ < 7T'. Suppose

Js

R 81 Ty9(04)| 22,
Z QI}sjmsj - 08]" < [72 — 3} )\;1 max {Cs,s/|2()s}
=Tl (1-27) s'€{s,. T} o

E[@5(0: —0,)]* < [3 _(d=2)"

and

En[q)sg(ésﬂ - 952)]2

= 2
S 81 maXS/E{S7...’T}{CS’S//0578/} n 113~ (1 — 2"}/)2 max ES o |Is/2(05/)‘)\§/ :
16(1 — 2’)/)2 9 s'e{s,...,T} ’ Ts!

for s =s+1,...,7 and s =T,...,t + 1, on the event ﬂZ:tH{Qs,l(@s,---ﬁT) N

Qu2(0ss . 07) N Q11,301 . 01) |-
Note that (S.10) holds for any ; € R”:. In partlcular w1th Bt ( tl, Ot )T, we have on

the event ﬂszt{Qs,l 5 - OT) N 9572(0 0T) N Qs+1 3(0s41,. )},
J, Ty
0 < 2By [(Yi(Bpr1,...,00) — D] 0) @5 (B0 — Oa)| + N D wislyy| — N Y weslfy
j=Ju+1 j=Ju+1
J, Jy
2B [(Vi(Orr1,---,07) = [ 0)05 (02 — O0) + A Y wiglbis| =N D w6y
j=Ju+1 Jj=Ju+1

- E[@;I—Q(étQ - 0t2)]2 + En[ﬁ(ébkl) D) éT) - z(0t+17 L) OT)]2
(8.22)
+{(Bn — B)[ @462 — 012)]” +2(E — E)[@f (B, — 6,) @5 (812 — 02)]},
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where the last inequality follows from AM-GM inequality and the condition that F(®;; ®],) =
0. Below, we derive upper bounds for the last two terms of (S.22). Since ®4;(H,) does not

involve treatment Ag, it is easy to see that Y;(6;41,...,07) defined in (C.7) can be re-written
as
T
Yi(Op41,...,07) =Y + Z [Ys + T%aX‘I)sTﬂHs,as)gﬂ - ‘bst(HSaAs)eﬂ] :
s=t+1 iy

Note that on event {5 3(0s, ...,07)

max
k{1, 0}

()3 LeitHnttnfa)y)

WsjWsk

a,€A;
(1—29)2| A maXsE{t,...,T}{ét,s/ct,s}/\g
T Mdmaxgeq 7y { [maxgeq, i {CsA?crs ] Lo2(0s) /76 }
(1= 29)*|As|maxgeqs | y{Cs,s/Cs.5 I
144 maxgegs 1) {Cos Ls2(0s)A2 /79 }
Using the similar arguments as those in the proof of Lemma 1, we can show that

En[f/t(éﬂrla o 7éT) - i/t(etﬂ, . . '70T)]2

T 2
= En |: Z [H}gX (I):gr2(H57as)052 - H}Z%X (P;FQ(H& a8)052 - (PJQ(HS)AS)(BSQ - 052)}:|

s=t+1
T A ) X 5
<2AT-1) Y {En[rr}lax‘q)STQ(Hs,as)(Osg—932)‘ | +En 0T, (H,, 40)(0,2 — 0.2)] }
s=t+1 ?
(5.23)
2

<Cy max {@H,JISQ(OS)')\S }7

SE{t+1,...,T} Ts

272
where Ct2 _ Q(T—t) (S+ 1) [81 maxg e{t+1lé(.i,T;£/§f+l s/Cit1,s} + 1} [3_ %} In addition,

(Ep — E)[®5(010 — 012)]2 +2(E —E,)[®] (8; — 0,)5, (0,2 — 042)]

Ot Dk S
<o [0 () (St =) (3 i)
(S.24)
J,
< (1—2y)(2y+ 5))\t( S il — gtj|)’
9 j=Ju+1

where the last inequality follows from the definition of € 1(6;,...,07), (C.8), and (C.4).
Plugging (S.23) and (S.24) into (S.22) yields

4y +1 < J J
0<— At<' > U_th9tj—9tj!> +A > wilfyl = A | Y wilby)
j=Ju+1 j=Ju+1 j=Ju+1

— E[®}(012 — 0,2))?
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I(0)\2)  (1—29)(2y+5 o
+Cp  max {ct+1,s| 2(7_ ) }+( )2y ))‘t( Z wtjwtj_etﬂ)

se{t+1,...,T} s 9 Pyt
1—27)? I (1—24)? 0
<|2- (9)} At( Y wlly —th\) - T)\t( > wthtj\)
jeItQ(ot) jeIth(gt)
(8.25)
- I (05)|\2
— E[®5(012 — 012))* + Cho e {Et+1,s’2(7_)’}-
This implies
o 18 o
Y @yllyl < =22 1} ( Y wyly - 9tj|)
jEI{‘z(et) jEItz(et)
9C)o - . [I52(05)|\2
(1 —27)2 )\ se{t+1,...,T} P+l Ts
and
~ 1—27)? ;
E[®} (8 — 0:2)]? < |2~ (9’7)} M(DD wlly —01)
J€I2(6:)
I2(05)|\2
VO max {ct+1,s|2()|5}.
sE{t+1,...,T} S

If I;2(6;) is empty (i.e., 42 = 0), then (C.10) and (C.11) hold. If I;2(8;) is non-empty, define
the sets

, _ - 18 s
©1(6;) = {Ot eR”=: | > wyllyl< =22 1] ( > illy _9”0
JEIL(0y) J€I2(6:)

9C {_ ’152(95))\2}}
Ct+l,s— s

(1 — 2"}/)2)\t se{trilla,)f.,T} Ts

éZ(Ot) — {ét S RJQ : Z wtj|§tj — 9tj|
J€I2(6:)

1—27)%1|Li2(6,)| X C T.5(6,)|A2
>maX{|:3—( 7) ]‘ t2( t)| t77t2 max {Et+1’s’2()’5}}}.
9 T N se{t+1,..T} T
Thus, 6, € ©1(6;) on the event Q:2(0;,...,07). Next, for any 0;, € ©; and ;5 € 01(6,),
note that condition (3.9) by Assumption (A2) implies that
~ T+ . u_)t'ét'_(gt‘ 2
(5.26) E[q);l—Q(etZ _ 9t2)]2 > (Zjelt2(0t) il0 il)
[112(64)]|
In addition, on the event N2, {2 1(0s, ..., 07) N 2(Os, ..., 07) N Qsi1,3(0s41,...,07) },

N

ét€é1(0t)mé)2 jeItZ(et)

— 2 ~ N
SUEEEA (Y wulil) - El@h@e - 00)

9 4
JEIF(0:)
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I2(05)|\?
+ Ct? max {ct+175|2()|5}}

se{t+1,...,T} Ts
(1-29)? 6
< sup [2 — T} /\t< Z W05 — 9tj!)
ét€®1(9t)ﬂ(;)2(9t) Jj€I2(6:)
., S a0
— - 9 ; — 9 ; C 578
| I12(6;)] ( Z 56 tj|> G sE{tIEi)-iT} {CHL Ts

JEL:2(0y)

< sup {( Z wtj|étj*9tj|)x

0:€61(6:)N0:(0:) \ " jer,,(0,)

H?)— (1_927)2]At - ’It;(—iiot)‘< > wylfy —%)]}

JEL:2(6:)
<0,
where the first inequality follows from (S.26), and the last two inequalities follow from the
definition of ©2(8;).
Since 6, satisfies inequality (S.25), we have 0y € ©1(0;) N @2(0,5)0 on the event

ﬂfit{Qs,l(Gs,...,HT) N Qg2(0s,...,07) N QS+1,3(05+1,...,0T)}. Algebra suffices to
show

J. A
> w10y — 04
j=Ju+1
1 I 2 I2(05) 1)\
gmax{[ 8 : _3} \ t2(9t)|)\t7 7Ct22 s {5t+1,s| 2(05)[ A5 }}
(1-27v) Tt (1 —27)2 )\ se{t+1,...T} Ts
_ 81 -1 = ’182(93)’)‘5
N [(1 —2v)2 3] A se?ltl,?b.},{T} {Ct’s Ts T
and

E[® (612 — 612)]°

1—29)212 | 110(0;)| )2 1—24)2 T5(0,)|\2
< max 3_( 7)) [112(6)] ‘. 3_( 7) Cpy  max Emgl 2(0s)|\;
9 Tt 9 se{t+1,...,T} ’ Ts

1—2+)2]? I,2(8,) |22
_ [3_< ) ] - {\ 2(6,)| }
9 se€{t,...,T} Ts
where ¢;; = 1 and

Cts = 9CCr11.5/[27 — (1 — 27)?]

8lmaxse(sy1,..73{Ct+1,5/Ct41,5} N 1} {3 (1= 2v)?2

=2(T—t)*(S+ 1)[ 16(1 —27)?

fors=t+1,...,T. In addition, since

m. - m )

Wej Wik,

max
]7k6{177‘]f}

- (1— 27)2 maxse{t,._.,T}{Et,s/ct,s})‘%
144 maXge{¢, .. T} { [maxse{t,...7T}{Et,s)\?/ct,s}]152(93)/73}
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T lddmaxeq, . 1) {cns I5(0 S))\%/Ts}
it is easy to verify that
En[® (02 — 012))?

J

Pt ik ~ 2 T/H 2
< En - B) (2220 ( 10— 0151) "+ E[@5(0r2 — 0
_j,kerfll?%ﬂh} (Ex ) Wi Wk ._Z Wejlb; =Bl )+ B(2i2(0ra — Brz)]

j=Ju+1
81 —9~)272 2
< maXse{t,..., T}{Ct s/ct s} +1ll3— (1—27) max Ct.s [ L52(0s)|A; )
16(1 —2v)2 9 s€{t,..,T} Ts
This completes the proof. O

Proof of Lemma 3.

Note that ||y e/ (W) — Eldejder/ (01041 )] || 0o < 2u* and Bl / (wyju)]* <
b2u? for all j,k € {1,...,J;} by Assumptions (A3) and (A4). Next we apply Bernstein’s

inequality in Lemma S.1(a) with (; = £[dsjp/ (Wi Wer) — E(Prjdun/ (Wejwe)] and £ =
(1—2v)*n/[144maxe gy 7y{|Ls(65)|/7s}]. Using the union bound argument, we obtain

P({Q1(6;,...,07)}°)
< Jt(Jt + 1))(

(1-2y)'n
o (‘ 20 max (e, ry 15(00) /7 144202 max e r1T(0)[/7,} + 96(1 — 27)21>
<exp(—¢)/3,
where the second inequality follows from the definition of © in (C.1). 0

Proof of Lemma 4.
We first show the result for ¢ = 7. For any 07 € Op, max; ‘E [@}(GT - 0});—?} ’ <

vbAr under Assumption (A4). Since 6 minimizes E[Yr — ®107]%, we have E[(Yr —
®10%)pri/wr;] =0 for j={1,...,Jr}. Thus,

s [o(Oro7or) 2| = s, [e[wFor o 2| < o
This implies
el En KYT B @}0T> jZTTi] ‘
< s JE =) er 2| a0 B)[(@F - #F0r) 22|+ et

Under Assumptions (Al) and (A3), it can be shown that E(ep;¢r;/wr;) = 0 and
S El(eriori/wr;)t <Umo?b?(cu)!=2/2 for j € {1,...,Jr} and all integers | > 2. Ap-
plying Bernstein’s inequality in Lemma S.1(b), we obtain

P(‘(En ) E)[ Zﬁﬂ ‘ _ 271(‘;)1) - 2))\T>
_ 911232
< 20xp < - 2880217[21 + 2220([?16_ 2?2327;”2)@%) '
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Similarly, under Assumption (A3), for any 07 € ©% and j € {1,...,Jr}, [(Q} —
0107)¢r;/wr; — E(QF — 101)¢1;/01j)llo0 < 417w and E[(QF — ©107)dr; /) <
4n2b?. Then we have

(|- @ - oFon) 2] | >R
[1—29(3b— 2N
< 2exp ( - 288(2776)12 +2372[§ - 23(31; . 2)]unAT>'

The result follows from the union bound argument and condition (C.2).
Next, we show the results for ¢ < T'. For any (67 ,...,01)T € ©, note that

~ 2
E[m(et-l—lw"?e ) Y%( t+15-- 70:}):|

3 2
- E{ Z [maX‘IJST(Hs,as)BS —max ®! (Hy,a,)0" — O] (H,, Ay)(0s — 9:)} }
s=t+1 ° as

T _
<2AT-1) 3 {E max [@I(Hs,as)(Bs—B;‘)]Q} +E[¢§(HS,AS)(03—0;)]2}
s=t+1 -

T _ 2
<2(T-1) Y {EZ (@7 (Hoya.)(0, — 02)]°] + B[ @] (H,, A,)(0, - 67)| }

s=t+1

T i
<2(r-0 Y {B[S. stalm)s[el. 0 0. - 0]

s=t+1

p[oT (., 40, 07)] '}

T
<AT-1) Y {SE[@I(HS,ASWS ~o0)] + Blel (4., - 0:)}2}

<2AT —1)(S +1)y Z A2
s=t+1
2
= 16 )‘u
where the last inequality holds under condition (C.4) and the fact that ¢, s >32(S+1)(T —
t)2/9. Since ; minimizes E[Y;(0},1,...,0%) — CIJtTBt} , we have E[(Y;(67,,...,0%) —
®]0;)¢y;] =0. Thus, for j =1,...,.J;, we have

‘E[(ﬁ(@tﬂ,...,o ) — @Tot) ZZ} ‘
ol

g‘E[(ﬁ(@tﬂ,...,aﬂ—?;(9;;1,.. aT)¢t3H+(E[<1>T 0 -0

wtj

J

n b)\ta

,4;
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where the last inequality holds from Assumption (A4). Hence,

Y T ¢ty
jegl,%.)ih} En[(ﬁ(ewl,---ae ) — @, 9t> wt]”
5 btj

< E, — E)|(Yi(0:41,...,0 olo,) b\

< max [( )[(FeOrs1,-..07) - ) ]\+

< max |(E,—FE) {et@} + max [((E,—F) [f(@t,..., ¢t]” —|-f b,

jell,...Je} Wy jell,...Ji}

where f(8y,...,07) = Q¢(H, Ay) — @0+ 31, | [~ max,, Q2(Hy, as) +Q2(Hy, Ay) —
P10, + max,, ®!0,].

Under Assumptions (Al) and (A3), it can be shown that E(es;¢yj/wi;) = 0 and
S E|(etidej /)| < 1'no?b?(cu)!=2/2 for all integers | > 2. Therefore, for § = (4 +
1)/12 — 7bv/8, if we apply Bernstein’s inequality in Lemma S.1(b), we have

82\2n )
2[00 + cud ]/
Similarly, we can show that || f(0,...,07)¢:j/wij — E(f(0,...,07)0 /W), < 4[1 +
2(T —t)Jnu and E[f(6y,...,07)dtj/w;]? < 4[1+2(T —t)]?n?b? using Assumptions (A3)
and (A4). Applying Bernstein’s inequality in Lemma S.1(a) yields

d)t]

wt]

P<’(En —E) [6“ ? H >5/\t) <26Xp<

P(’(En—E)f(Ot,.. ) 24 ’>5>\)

82\2n
<2exp | — .
2[4[1+2(T — ¢)>n2b? + 4[1 + 2(T — t)]nudX,/3]
The result follows from the union bound argument and condition (C.3). O

Proof of Lemma 5.
We first note that

1>, Pti(Ht, ar)dur(He, ar) [ (010k) — B[, ¢t (Ht, ar) dur(He,y ar) /(0101 )] [ oo
< 2|At]u2

and B[y, ¢u(Hy, ar)pu(Hy,ar)/(wyw))? < |Ai*b*u? for all j,k € {1,...,J;} by As-
sumptions (A3) and (A4). Next we apply Bernstein’s inequality in Lemma S.1(a) with ¢; =
D4, G5 (Htis ati) bk (Heiy ani) [ (Wegwge) — B2, tj(Hiiy ari) o (Hiiy ati) [ (Wi
and £ = (1 — 29)%An/[144maxge g m{|1s(05)]/7s}] such that ¢; < 2| A|u® and
S B¢ < n|A¢*b*u?. Using the union bound argument, we obtain

P({Q3(0:,...,07)}°)

< J(Jp +1)x

exp (_ (1-29)*n )
2w marse 1,1y {15(05)]/7s AW max e,y {I1(0,)] /7 + 96(1 — 2717

< exp(—)/3,

where the second inequality follows from the definition of © in (C.1). g
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LEMMA S.1. (Bernstein’s inequalities) Let (1, ...,(, be independent and square inte-
grable random variables such that E((;) =0 foralli=1,...,n.

(a) Assume there exists some positive constants q and v such that (; < q a.s. for all 1 =
1,...,nand 3" | EC? <v. Then for any > 0,

2

P<;€i>ﬁ> Sexp(—m)

(b) Assume there exists some positive constants q and v such that Y | E[(¢})4] <
l'vg!=2/2 for all | > 2. Then for any k > 0,

2

P(;Q>/€) §exp(—m>.

S.2. Additional Results and Proofs for Penalized Q-learning.
For any ¢ >0, 0 <~ < 2/(21b — 8) and tuning parameter )\, define

@:Qz{eteRJt:||<1>Z<0t—0;*@>||oo3n and E[@Ret—e:@)?sw%}

fort=1,...,T. Denote J = maxy;—1, . 1} Ji, and

@Q={<017...,0¥)T6H?:1@:Q t max {|1,(8,)]/7:}
te{1,..,T}

[RRS}

(S.27) §(1—27)2[ LI n 1]}

144b 902 " 2u2[log(3J(J +1))+¢] 3b

THEOREM 5. (Q-learning) Suppose there exists a constant S > 1 such that py(a|hy) >
S~ forall (hy,ar) pairsfort =1,...,T. Assume assumptions (BI)—(B4) hold. For any given
0<~<2/(21b—8) and ¢ > 0, suppose the tuning parameters )\?, t=1,...,T, satisfy

8 max{3c,4n}ullog(12J7) + ¢]  12max{c,2n}d \/2[log(12JT) + ¢]
[1—27(3b—2)]n [1—27(3b— 2)]
16 max{3c, 41+ 2(T — t)|n}ullog(12J;) + ¢]
[2—(21b—8)4]|n

24max{o,2 [1 +2(T - t)] ntb  [2[log(12J;) + ¢]
* 52— (21b—8)y \/

(5.28) A\Y >

)
n

AP >

(5.29)

)
n

(S.30)
1
and (A2)? > & (A\2)? with &y =1, & = 527+ 5552414,

s

fort=1,...,T, s=t+1. Let OF be the set defined in (S.27) and assume OF is nonempty.
Then for any (07 ,...,01)7 € ©, we have

[ 16700 — o < BoTe, - i INTACADY:
(531 >1—Texp(—p),
where K1 = [64(2 + 5)?]/81 + [329b(2y + 5)]/[3(1 — 27)].
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Proof of Theorem 5.

For any (6], ... ,0;)1— € ©9, denote the Q-learning pseudo-outcome

(5.32) Y2 (0i1)=Y: + max O/ (Hit1,a141)0i41
t4+1
whent=T-1,...,1,and fftQ(OtH) = Y7 when t = T for the convenience of notation. For
t=1,...,T, Let | A;| be the cardinality of .A;. Define the events
. 1— 2,),)2
0% (6,.0 :{ max |(E—E (?”?““)‘g ( }
166,011 Gke(L, T} ( n) Wy Wy L4 maxee s ¢4 131115 (05)]/ 75}

% ' 4y +1
95,22(9t,9t+1)={ max EnKYtQ(QtH)_(ptTgt)@”S gl )\?}’

jE{l ..... Jt} wtj 6
b1 (Hy, a) o (Hy, ay)
09,(6,,0:1) = E-E, J
t,3( b, 0i11) {j,kerﬁ%ﬁh} ( )(a;t Wy o )‘
) (1—27)%4 }
— 144 maxse{t’t+1}{’15(05) |/TS}

We can show that
E[®] 67 - Q7P
= E[®] 0, — Q71> + E[®] (67 — 0,))* + 2E[®] (6, — 6,7)][®] (8 — 6,)]
< E[®]0, — QY + E[®] (69 — 6,))?
* ¢ ) _ A
E [q’f(@t - 9tQ)ft]} ’ (ZthWtQj - 9tj\)

Wes
1] =1

+2 max
je{lv"'7‘]t}

Ji
< E[®] 6, — Q%)% + E[®] (89 — 6,)]% + 27b\? (Ewtjw?j - 9tj|>.
j=1

By Lemma 6 presented below, on the event ﬁthl{QSl(Ot,OHl) N 982(015,0154_1) N

QtQ+1,3(0t+1a 0t+2)}, we have

Q\2
E[®]6° — QY <E[®]6, — Q9> + K, max {at,smw},
se{t,t+1} Ts

for t =1,...,T, where Q2 (07,0711). QF,(07,0741), QF,, ;(0711,0712), and
Q%:,)(OT, 07 1) are defined as the universe for the convenience of notation.

The conclusion of the theorem follows from the union probability bounds of the events
le(et, 01+1), Qf,22<9t,0t+1), and Q%(Gt, 0.+1) fort =1,...,T, provided in Lemmas 7, 8,
and 9. Il

LEMMA 6. (Q-learning) Assume there exists a constant S > 1 such that pi(ai|hy) >
S~ for all (h¢,a;) pairs. Suppose Assumption (B2) and condition (S.30) hold. Then,

for any (0],...,60)7 € ©%, on the event ﬂthl{Qt%(Ht,OtH) N Q%(Gt,etﬂ) N
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Q?+1,3(9t+1, 9t+2)}, we have

4(0.)|(39)?
(5.33) Zwt]wt] gt]|_M max { |<>I<M}

3(1— 27))\62 se{t,t+1} Ts
A 64(27 +5)? |1,(8,)|(09)?
34 E[®] (6° —0,))? < —=L s
(S 3 ) [ t (at et)] — 81 Se?tlfz’fl} cta Ts ?

for t =1,...,T, where Q2,(07,0r.1), QF,(07.0141), QF,, 5(0r011,0712), and
Q%?,(HT, O111) are defined as the universe for the convenience of notation.

LEMMA 7. (Q-learning) Suppose Assumptions (B3) and (B4) hold. Then for any ¢ > 0
and (0] ,...,07)7 € 09, P({Q7(8:,0,41)}C) < exp(—¢)/3 fort =1,....T.

LEMMA 8. (Q-learning) Suppose Assumptions (Bl), (B3), and (B4) hold. Then for any
@ >0, if \? satisfies conditions (S.28), (S.29) and (S.30), then for (67,...,61)T € O9,
P({Q2(61,0,11)}C) < exp(—¢) /3 fort =1,....T.

LEMMA 9. (Q-learning) Suppose Assumptions (B3) and (B4) hold. Then for any ¢ > 0
and (0] ,...,07)7 € OF, P({Q7(8,,0,41)}°) < exp(—¢)/3 fort =1,....T.

Proof of Lemma 6.
At the last stage 7', the proof is identical to Lemma 1, and we have

)

[16(27 + 5)} 7 (67)|Ar

S 162
ZwTﬂgTﬂ' — 0l =500y -

(62 o) <[ 6421+ 5)2} |I7(07)| A7

)

81 ey
~ r 24 Ir(6 2
aHdEn[Q);Tp(G%—HT)]QS 16(2’;7—1— 5) }| T(TT)D\T-
T

on the event Q? 1(O7)N Q?Q(HT).
Now we prove the results for ¢ < 7" using mathematical induction. Assume we have

6(27+5 I (0,)|(\9)2
(8.35) Zw8]|¢9 0.1 < LjL)Q max {C’()\()}
3( 2*}/))\ s'e{s,s+1} Ts
) 64(27+5)? o Le(8)|(A)?
S.36 E[®T(69 —0,)? < —" " A AL LA T
o T R T ,
T 2 16(27+5)” |1 (8:)|(A9)?
(S.37) and B, [®] (09 — 0,))> < ——L """ max {G g tnTS 4
27 s'e€{s,s+1} ’ Tg

for s =t 4+ 1,...,7, on the event ﬂsT:tH{le(Ot,HtH) N Q%(Bt,OtH) N

Q2| (6141, 9t+2)}, where &, s = 1 and &, 441 = 55(27 + 5)Cs41.611/9.
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Using similar arguments in Lemma 1, for any 6; € R”* on the event QtQQ(Gt,HtH), we
have

A Ji
0 < 2B, [(V2(B111) — ] 0007 (07 — 0)] + A2 > w015 — AF D w62
j=1 j=1
+2E,[(V2(0%,) — V2 (8,11)) 2] (B — 0,)] — 2E,.[@] (B — 6,)]
4(y+1) S 2(1—2) o
<= A?( 3 wyldl —etj|) - TA?( 3 wtjyegy)
JEL.(6:) JEIF(0y)

(S.38) —E,[®] (0F — 6,)]> + E, [(Y2(65,) — Y2(61:1))]".

The difference to Lemma 1 (A-learning) is the last term in (S.38). We derive an upper bound
for this term. Following similar arguments in Lemma 1, we can show that

QA Y 2
E,[Y,2(02,) - Y,(0:1)]

2

T 4Q T

=E, [{?ax Dy 1 (Hevr, a041)07, —max @y (His, at+1)9t+1}
t4+1 t+1

A 2
<E, [%mx “I)I+1(Ht+17 at+1)(03r1 - 9t+1)‘ }
t+1

|1 (0:)|(AS)? H

Ts!

<16(27+5)2\AS! . :
- 81 s'e{t+1,t+2} bl

2 Q\2
B4y +5?ST G 15 (0s) (A7)
81 s'€{t+1,t+2} ’ Ts!

2 Q2
. 02y +5)*S[ oy |15 (0s)|(AS)
81 s'e{t+1,t+2} ’ Ts!

|1,(0)|(AF)?

< Ct max 6t+1,87 >
se{t+1,t+2} Ts

where C; = 80(27 + 5)25/81. Using similar proof techniques as in Lemma 1, we have

J,
> w02 — 01
j=1

Q Q\2
< max { 16(27 + 5)[1:(64)[ Ay 7 3C ax {@H’s £5(65)[(As) }}
3(1 —27)7 (1= 29)A9 se{t+1,t+2} Ts
Q\2
S N (A CTC
3(1— 27)A? seftir1) Ts

A 16(2y +5)2 L8| (08)?
E,[®] (62 — 6,)> < —— "L s
[ t (0t Ot)] — 27 ser{lg%fl} Ct, Ts ’

and

)

R 64(2y + 5)2 _|L(85)[(AE)?
T/ pQ 2 < =5 7 _
E[(I)t (et at)] = 81 selgtl,%—}ﬁ-{l} Ce Ts ’
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This completes the proof. g

Proof of Lemma 7.
Using the similar arguments used in Lemma 3, we obtain

P({Q§3(9t,9t+1)}c)

< Je(Jr+1)x

exp (_ (1-29)*n )
2u? maxse (4 13{15(05)| /75 H144%0* maxe 1 1113 {1 Ls(05)| /75 } + 96(1 — 2)?]

< exp(—¢)/3,

where the second inequality follows from the definition of ©% in (S.27). g

Proof of Lemma 8.
At the last stage T, the proofs are identical to Lemma 4. Now we prove the results for
t<T.Forany (0],...,05)" € ©F, note that

of g * 2 I * 2
BY2(0i41) - Y2(0;9)]" = E| max®], (Hyt1, ar41)0p41 — max O (Hi1,a011)07
t+1

L Qt41

[ * 2
< E| max ’q’tT+1(Ht+1,at+1)(9t+1 - Otfﬁ‘ }

L Q¢41

I * 2
SE 2 (@], 1 (Hyp1, a041) (01 — 0;2)] ]

I * 2
<E _Zat_Hp(at+1’Ht+1)S[(I);r+l(Ht+lv 1) (0141 — 0;9)] ]

T «Q ]2
<SE [cpt 1 (Hig1, Ap1) (01 — 0t+1)]

9 2,@)2
= 167 (A7)
where the last inequality holds under condition (S.30) and the fact that ¢, > 165/9. The
rest of the proofs are similar to Lemma 4. This completes the proof. 0

Proof of Lemma 9.
Using the similar arguments used in Lemma 5, we obtain

P({QF%(6:,6:41)}°)
< Ji(Jy +1)x

. ( (1-29)*n >
w [ —
P\ " 2T mac o 115 00) 7o HIA22 mmaxc gy 1y (15 (65)] /7o + 96(1 — 2977

< eXp(_W)/gv

where the second inequality follows from the definition of ©% in (S.27). g

S.3. Additional Simulation Results. Additional simulation results for Scenarios 1-5
with p = 200 based on 1,000 replications are summarized in Table 3 below. The mean of
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values with its standard deviation in parentheses is also reported. The table also shows the
median number of inactive variables incorrectly selected in the model, denoted by FP, and
the median number of active variables left out of the model, denoted by FN, which are both
recorded along with the mean absolute deviation in parentheses. The median of contrast func-
tion root-mean-square error (CRMSE) is also calculated for the Alearn- and Qlearn-PROalL as
well as for the PAL method. Table 3 shows that both Alearn- and Qlearn-PROaL outperform
other methods in all scenarios except Scenario 5 due to not penalizing a few key variables.
Overall patterns are similar to Table 1 in terms of which methods are superior with higher
value, better selection performance, and lower cRMSE.

We also consider an extra scenario with three decision points 7' = 3. In this scenario, the
treatments at all stages, A1, Ao, and A3, are randomly generated from Bernoulli(0.5). Each
of the p-dimensional baseline covariates O; is independently generated from N (45,152).
The stage-2 covariate is Oy ~ N (1.5011, 102), where O1; is the first component of O;. The
stage-3 covariate is generated from O3 ~ N(0.502,10%). The outcomes are generated as
follows: Y; =0, t = 1,2, and Y3 ~ N (20 — [0.6017 — 40|{I(A; > 0) — I(O1; > 30)}? —
|0.802 — 60|{I(Az > 0) — I(O > 40)}? — |1.405 — 40|{I(A3 > 0) — I(O3 > 40)}%,12).
The results with three decision points 7' = 3 and p = 60 based on 1,000 replications are
provided in Table 4. The Alearn-PROaL. method has the highest value estimate among all
methods. Furthermore, the value estimation by Alearn-PROaL improves as the sample size
grows, whereas the estimated value of all other methods remains very similar or even de-
creases. In terms of selection performance, there is not much difference between Alearn-
and Qlearn-PROaLl.. However, Qlearn-PROaL has a smaller FP at the terminal stage (stage
3) when n = 50 and a larger FN at the initial stage (stage 1) when n = 150 compared to
Alearn-PROalL..
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TABLE 3
Simulation results for p = 200. The mean value is reported with the standard deviation in parentheses. The

median FP, FN, and cRMSE are recorded with the mean absolute deviation in parentheses. The best results are
highlighted in boldface.

Stage 2 Stage 1

n Method Value FP FN cRMSE FP FN cRMSE

Scenario 1

50 Optimal 2.29
Alearn-PROaLlL 1.88 (0.34) 5(7.41) 2(1.48)  2.25(0.50) 1(1.48) 3(0) 1.45 (0.32)
Qlearn-PROal.  2.06 (0.25)  3.5(3.71) 1(1.48)  1.81(0.60) 3(4.45) 2(0) 1.14 (0.35)
PAL 1.46 (0.45) 1(1.48) 3(0) 1.94 (0.65) 2(1.48) 3(0) 2.18 (0.49)
BOWL-linear 0.96 (0.30) 198 (0) 0(0) - 197 (0) 0(0) -
BOWL-radial 1.53(0.84) - - - -

150 Optimal 2.29
Alearn-PROal.  2.25(0.04) 2(2.97) 0(0) 0.87 (0.30) 0(0) 2(0 0.76 (0.20)
Qlearn-PROaL.  2.27 (0.02) 0 (0) 0(0) 0.75 (0.22) 0(0) 1(1.48)  0.56 (0.09)
PAL 2.16 (0.11)  0(0) 1(0) 0.66 (0.33) 1(1.48) 2(0) 1.05 (0.44)
BOWL-linear 0.91 (0.14) 198 (0) 0(0) - 197 (0) 0(0) -
BOWL-radial 1.92 (0.38) - - - - -

Scenario 2

50 Optimal 2.48
Alearn-PROaL 1.80 (0.40)  5(7.41) 2(1.48)  2.46(0.42) 1(1.48) 5(0) 2.03 (0.25)
Qlearn-PROal.  1.97 (0.33) 4 (4.45) 2(1.48)  2.18(0.51) 3(445) 4(1.48) 1.87(0.26)
PAL 1.34 (0.44)  2(1.48) 3(1.48)  2.46(0.84) 2(1.48) 5(0) 2.71 (0.53)
BOWL-linear 0.96 (0.30) 198 (0) 0(0) - 195 (0) 0(0) -
BOWL-radial 1.46 (0.89) - - - - -

150 Optimal 2.48
Alearn-PROaL.  2.31(0.09) 3 (2.97) 0(0) 1.17 (0.42) 2(297) 2(1.48) 1.21(0.38)
Qlearn-PROal.  2.27 (0.03) 1(1.48) 0(0) 0.81 (0.28) 1(1.48) 2(1.48) 1.51 (0.05)
PAL 2.22(0.16)  0(0) 1(1.48) 1.13 (0.53) 1(1.48) 3(1.48) 1.34 (0.51)
BOWL-linear 0.93 (0.14) 198 (0) 0(0) - 195 (0) 0(0) -
BOWL-radial 1.82 (0.57) - - - - -

Scenario 3

50 Optimal 2.29
Alearn-PROaLlL 1.91(0.33)  4(5.93) 2(1.48)  2.30(0.59) 1(1.48) 3(0) 1.43 (0.30)
Qlearn-PROal.  2.10 (0.13)  3.5(5.19) 1(1.48)  1.69 (0.60) 3(4.45) 2(1.48) 1.06 (0.37)
PAL 1.46 (0.40) 1(1.48) 3(1.48) 2.35(0.69) 2(148) 3(0) 2.11 (0.58)
BOWL linear 1.20 (0.36) 198 (0) 0(0) - 197 (0) 0(0) -
BOWL radial 1.93(0.36) - - - -

150 Optimal 2.29
Alearn-PROal.  2.20 (0.10) 1(1.48) 0(0) 1.39 (0.49) 0(0) 2 (0) 0.84 (0.31)
Qlearn-PROal.  2.27 (0.02)  0(0) 0(0) 0.70 (0.20) 0(0) 1(1.48)  0.56 (0.09)
PAL 1.73 (0.33) 1(1.48) 3(1.48) 2.18(0.48) 2(1.48) 2(0) 1.14 (0.51)
BOWL-linear 1.12 (0.13) 198 (0) 0(0) - 197 (0) 0(0) -
BOWL-radial 2.00 (0.00) - - - - -

Scenario 4

50 Optimal 248
Alearn-PROaLl 1.83(0.38) 3 (4.45) 2(1.48)  2.55(0.54) 1(1.48)  5(0) 2.05 (0.29)
Qlearn-PROal.  2.04 (0.14) 4 (5.93) 2(1.48)  2.12(0.44) 3(4.45) 4(1.48) 1.86(0.28)
PAL 1.34 (0.41) 1(1.48) 3(1.48)  2.65(0.60) 2(1.48)  5(0) 2.70 (0.59)
BOWL linear 1.18 (0.30) 198 (0) 0(0) - 195 (0) 0(0) -
BOWL radial 1.87 (0.50) - - - - -

150 Optimal 2.48
Alearn-PROal.  2.19 (0.17) 1(1.48) 1(1.48) 1.73 (0.60) 2297 2(1.48) 1.36 (0.42)
Qlearn-PROal.  2.26 (0.03) 2 (1.48) 0(0) 0.84 (0.26) 1(1.48) 2(1.48) 1.50 (0.05)
PAL 1.71 (0.37) 1(1.48) 3(1.48) 2.34(0.49) 2(1.48) 3(1.48) 1.53 (0.56)
BOWL-linear 1.12 (0.13) 198 (0) 0(0) - 195 (0) 0(0) -
BOWL-radial 2.00 (0.09) - - - - - -

Scenario 5

50 Optimal 7.19
Alearn-PROal.  6.27 (1.28) 0 (0) 3(0) 18.47 (1.93)  0(0) 1(0) 3.67 (3.54)
Qlearn-PROal.  6.26 (1.32) 0 (0) 3(0) 16.97 (0.28)  0(0) 1(0) 0.52 (0.06)
PAL 299 (1.73)  2(1.48) 4(0) 22.38 (4.69) 4(1.48) 1(0) 16.89 (8.56)
BOWL-linear 4.92 (1.05) 198 (0) 0(0) - 199 (0) 0(0) -
BOWL-radial 6.76 (0.00) - - - - - -

150 Optimal 7.19
Alearn-PROaL.  6.76 (0.17)  0(0) 3(0) 18.05(1.06)  0(0) 1(0) 1.93 (1.57)
Qlearn-PROaL.  6.78 (0.15)  0(0) 3(0) 16.78 (0.08)  0(0) 0(0) 0.33 (0.15)
PAL 4.64 (1.66) 1(1.48) 4(0) 19.69 (2.00) 7 (2.97) 1(0) 15.73 (4.25)
BOWL-linear 3.57 (0.65) 198 (0) 0(0) - 199 (0) 0(0) -
BOWL-radial 6.76 (0.00) - - - - - -
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Simulation results for T' = 3 extra scenario with p = 60. The mean value is reported with the standard deviation
in parentheses. The median FP and FN are recorded with the mean absolute deviation in parentheses. The best

TABLE 4

results are highlighted in boldface.

Stage 3 Stage 2 Stage 1

n Method Value FP FN FP FN FP FN

50 Optimal 20 0 0 0 0 0 0
Alearn-PROaL. 15.03 (1.48) 3(1.48) 1(0) 1(0) 1(0) 0 (0) 1(0)
Qlearn-PROaLL 14.36 (2.02) 1(0) 1(0) 1(0) 1(0) 0 (0) 1(0)
BOWL-linear 13.09 (2.36) 63 (0) 0(0) 61 (0) 0 (0) 59 (0) 0(0)
BOWL-radial 13.08 (2.39) - - - - - -

150 Optimal 20 0 0 0 0 0 0
Alearn-PROaLL 16.65 (1.50) 2 (0) 1(0) 1(0) 1(0) 0 (0) 0(0)
Qlearn-PROaLL 14.74 (1.79) 2 (0) 1(0) 1(0) 1(0) 0 (0) 1(0)
BOWL-linear 13.41 (0.82) 63 (0) 0(0) 61 (0) 0 (0) 59 (0) 0(0)

BOWL-radial

11.85 (2.01)
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